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The semiﬁelds of order q6 which are two-dimensional over their
left nucleus and six-dimensional over their center have been geo-
metrically partitioned into six classes by using the associated linear
sets in PG(3,q3). One of these classes has been partitioned further
into three subclasses. In this paper the generic multiplication
is determined for each of these three subclasses, and several
examples of new semiﬁelds are constructed that belong to these
subclasses. For two of the subclasses, no examples were previously
known.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction




a ∈ S ∣∣ (ab)c = a(bc), ∀b, c ∈ S},
Nm =
{
b ∈ S ∣∣ (ab)c = a(bc), ∀a, c ∈ S},
Nr =
{
c ∈ S ∣∣ (ab)c = a(bc), ∀a,b ∈ S},
K = {a ∈ Nl ∩ Nm ∩ Nr | ab = ba, ∀b ∈ S}
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G.L. Ebert et al. / Finite Fields and Their Applications 15 (2009) 160–173 161are skewﬁelds which are known, respectively, as the left nucleus, middle nucleus, right nucleus and
center of the semiﬁeld. In the ﬁnite setting, which is the only setting considered in this paper, every
skewﬁeld is a ﬁeld and thus we may assume that the center of our semiﬁeld is the ﬁnite ﬁeld Fq of
order q, where q is some power of a prime p. It is also important to note that a (ﬁnite) semiﬁeld is a
vector space over its nuclei and its center.
If S satisﬁes all the axioms for a semiﬁeld, except that it does not have an identity element under
multiplication, then S is called a pre-semiﬁeld. Two pre-semiﬁelds, say S = (S,+,◦) and S′ = (S′,+, ·)
with the same characteristic p, are said to be isotopic if there exist three Fp-linear maps g1, g2, g3
from S to S′ such that
g1(x) · g2(y) = g3(x ◦ y)
for all x, y ∈ S. From any pre-semiﬁeld, one can naturally construct a semiﬁeld which is isotopic to
it (see [11]). Moreover, a pre-semiﬁeld S, viewed as a vector space over some prime ﬁeld Fp , can be
used to coordinatize an aﬃne (and hence a projective) plane of order |S| (see [6]). Albert [2] showed
that the projective planes coordinatized by S and S′ are isomorphic if and only if the pre-semiﬁelds S
and S′ are isotopic. Any projective plane π(S) coordinatized by a semiﬁeld (or pre-semiﬁeld) is called
a semiﬁeld plane.
In this work we concentrate on semiﬁelds of order q6 with left nucleus of order q3 and center
of order q. The rather daunting project of classifying all such semiﬁelds may be broken into several
smaller, more manageable projects. Based on an associated geometric conﬁguration (to be later de-
scribed), it is shown in [15] that there are precisely six classes of such potential semiﬁelds. In [10] one
of these classes is further divided into three subclasses. In this paper we determine the general form
for multiplication in each of these three subclasses, and construct some new examples of semiﬁelds
belonging to these subclasses. For two of the subclasses, these are the ﬁrst examples shown to exist.
The third subclass is known to contain several inﬁnite families of semiﬁelds [7].
2. Preliminary results
Semiﬁeld planes are necessarily translation planes, and the kernel of a semiﬁeld plane, when
treated as a translation plane, is the left nucleus of the coordinatizing semiﬁeld. A semiﬁeld plane
is Desarguesian (classical) if and only if the coordinatizing semiﬁeld S is a ﬁeld, in which case all
nuclei as well as the center are equal to S. As discussed in [3], any translation plane can be obtained
from a spread of an odd dimensional projective space. The translation planes are isomorphic if and
only if the corresponding spreads are projectively equivalent. In our case, a semiﬁeld of order q6 with
left nucleus of order q3 has an associated line spread of PG(3,q3). Such spreads will be called semiﬁeld
spreads of PG(3,q3).
We follow the presentation given in [7], restricted to the case n = 3. To each spread S of PG(3,q3)
there is an associated spread set of 2 × 2 matrices over Fq3 . A semiﬁeld spread set of matrices is
necessarily closed under addition, and hence deﬁnes a vector subspace over the center, in our case Fq ,
of the associated semiﬁeld. If we consider the ﬁnite ﬁeld Fq6 as a 2-dimensional vector space over
its subﬁeld Fq3 , and ﬁx a basis for Fq6 over Fq , then the spread set may be considered as a set S of
q6 Fq3 -linear maps of Fq6 , normalized to contain the zero map and the identity map, such that S is
closed under addition, any nonzero map in S is non-singular, and Fq is the maximal subﬁeld of Fq3
with respect to which S is a vector space. We call S the spread set of linear maps for the semiﬁeld
spread S .
In this model any Fq3 -linear map of Fq6 is of the form
ϕη,ζ :Fq6 → Fq6 via x → ηx+ ζ xq
3
,
for some η, ζ ∈ Fq6 . Thus a spread set S of linear maps will be a collection of q6 such maps ϕη,ζ with
the following properties:
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functions;
(P2) Fq is the largest subﬁeld of Fq3 with respect to which S is a vector subspace of the vector space
of all Fq3 -linear maps of Fq6 ;
(P3) Every nonzero map in S is non-singular (that is, invertible).
Conversely, given any collection of q6 such maps ϕη,ζ satisfying properties (P1), (P2), and (P3), there is
an associated semiﬁeld of order q6 which is two-dimensional over its left nucleus and has center Fq .
It should also be noted that showing ϕη,ζ is non-singular (for (η, ζ ) 	= (0,0)) is equivalent to showing







where N is the norm from Fq6 to Fq3 .
From the above properties for the q6 maps in S , we know that there is a unique element ϕ ∈ S
such that ϕ(1) = y for each element y ∈ Fq6 . We call this uniquely determined map ϕy , and thus
there is a natural one-to-one correspondence between the linear maps in S and the elements of the
ﬁeld Fq6 . As discussed in [7], the algebraic structure (Fq6 ,+,◦), where + is the sum operation in the
ﬁeld Fq6 and ◦ is deﬁned as
x ◦ y = ϕy(x), (2)
is a semiﬁeld isotopic to the original semiﬁeld S from which the spread set S of linear maps was
obtained. Thus the general form for such a semiﬁeld S is determined by its associated spread set of
linear maps.
Identifying the element y ∈ Fq6 with the map ϕy as deﬁned above, the following result can be
found in [7] (see also [1]).
Theorem 2.1. Let S be a semiﬁeld of order q6 with center Fq that is 2-dimensional over its left nucleus. Let S
be the associated spread set of linear maps. Then
(a) the right nucleus Nr of S is the largest subﬁeld of S such that S is a left vector space over Nr =
{ϕy ∈ S: y ∈ Nr},
(b) the middle nucleus Nm of S is the largest subﬁeld of S such that S is a right vector space over Nm =
{ϕy ∈ S: y ∈ Nm}.
Let V = V (2,q6) be the left vector space of all Fq3 -linear maps of Fq6 . Treating V as a 4-
dimensional vector space over Fq3 , we deﬁne Σ = PG(V,Fq3 ) ∼= PG(3,q3) to be the associated projec-
tive space and, for any nonzero map ϕ in V, we denote by 〈ϕ〉Fq3 the corresponding projective point
in Σ . The linear set L(S) is the set of projective points in Σ induced by the nonzero maps in S . Thus
L(S) contains at most (q6 − 1)/(q − 1) points of Σ , and the linear set is said to be scattered if its
cardinality meets this upper bound. Throughout this paper, if W is any collection of maps (vectors),
the notation 〈W 〉F will denote the F-span of W .
From condition (1) we know that the nonzero singular maps in V induce the hyperbolic quadric
Q = {〈ϕη,ζ 〉Fq3
∣∣ ηq3+1 = ζ q3+1, (η, ζ ) 	= (0,0)}
in Σ. From property (P3), every nonzero map in S is non-singular, and thus the linear set L(S) is
disjoint from Q. Deﬁne G to be the index two subgroup of Aut(Q) which leaves the reguli of Q
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→ ηx + ζ xq3 , then for any σ ∈ Aut(Fq6 ) let ϕσ denote the Fq3 -linear map of Fq6
deﬁned by the rule ϕσ : x → ησ x+ ζσ xq3 .
Now for any non-singular Fq3 -linear maps ψ and φ of Fq6 , deﬁne I = Iψσφ to be the collineation
of Σ induced by the semilinear map Θ = Θψσφ on V whose rule is
ϕ → ψϕσφ.
Since ϕ is singular if and only if ψϕσφ is singular, Iψσφ maps Q to Q. It is shown in [7] that
G = {Iψσφ ∣∣ σ ∈ Aut(Fq6 ), ψ,φ non-singular Fq3 -linear maps of Fq6}.
A version of the following result may be found in [5].
Theorem 2.2. (See [5, Theorem 2.1].) Two semiﬁelds S = (Fq6 ,+,◦) and S′ = (Fq6 ,+,◦′), with left nu-
cleus Fq3 , are isotopic if and only if L(S
′) = L(SΘ) = L(S)I , for some collineation I of G.
If P = 〈ϕ〉Fq3 is a point of L(S), then P may be viewed as a 1-dimensional vector space over Fq3
or a 3-dimensional vector space over Fq . We deﬁne the weight of P to be dimFq (〈ϕ〉Fq ∩ S), where we
are treating S as a 6-dimensional vector space over Fq . Thus L(S) is scattered, as previously deﬁned,
if and only if all of its points have weight 1.
Proposition 2.3. The weight distribution of a linear set associated with a semiﬁeld is invariant up to isotopy.
Proof. Two semiﬁelds S1 and S2 are isotopic if and only if SΘ1 = S2, where Θ is a semilinear map of
V inducing a collineation I in G . Noting that a semilinear map of V preserves the dimension of the
Fq-vector subspaces, the result now follows. 
Again focusing on semiﬁelds of order q6 with left nucleus of order q3 and center of order q,
there are precisely six possible geometric conﬁgurations for the corresponding linear set L = L(S) in
Σ ∼= PG(3,q3), as described in [15]:
(0) L is a union of either q2 + q + 1 or q2 + 1 lines of a pencil in Σ .
(1) L is a union of q2 + q + 1 lines in a plane not belonging to a pencil.
(2) L is a union of q2 + q + 1 lines through a point, not all lines in the same plane.
(3) L contains a unique point of weight 2, does not contain any line and is not contained in a plane.
(4) L contains exactly one line and such a line contains q + 1 points of weight 2.
(5) Any point of L has weight 1 (that is, L is a scattered Fq-linear set).
The corresponding classes of semiﬁelds are labeled Fi , for i = 0,1, . . . ,5. Moreover, in [10] the
class F4 is further partitioned into three subclasses. Namely, if r is the unique line contained in
the linear set L = L(S) of type (4), then one of the following situations must occur:
(a) r⊥ ∩ L = ∅,
(b) |r⊥ ∩ L| = 1,
(c) |r⊥ ∩ L| = q + 1,
where ⊥ is the polarity of Σ induced by the hyperbolic quadric Q ∼= Q +(3,q3). The corresponding
subclasses of semiﬁelds are denoted F (a)4 , F (b)4 , and F (c)4 , respectively. We now determine the general
form for multiplication in each of these subclasses.
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We ﬁrst consider the class F (a)4 of potential semiﬁelds.
Theorem 3.1. Let S(a)4 = (Fq6 ,+,◦) be a semiﬁeld belonging to F (a)4 . Then there exist u, v ∈ Fq3 \ Fq, A, D ∈





α0 + α1u + A(α2 + α3v) + α4B + α5C
α4 + α5D
) ∣∣∣ αi ∈ Fq, (α4,α5) 	= (0,0)
}
(3)
such that {1,u, A, Av, B,C} is a basis for Fq6 over Fq and, up to isotopy, the multiplication in S(a)4 is given by
x ◦ y = [(α0 + α1u) + A(α2 + α3v) + α4B + α5C]x+ b(α4 + α5D)xq3 , (4)
where α0,α1, . . . ,α5 ∈ Fq are uniquely determined so that y = α0 + α1u + α2A + α3Av + α4(B + b) +
α5(C + bD).
Proof. The semiﬁeld S(a)4 belongs to the class F (a)4 precisely when the corresponding linear set
L(S) contains a unique line r of Σ ∼= PG(3,q3) and r⊥ ∩ L(S) = ∅. In this case L(S) contains ex-
actly q + 1 points of weight greater than 1, all of which have weight 2 and lie on the line r
(see [15, Theorem 4.3]). Since the subgroup G acts transitively on the lines of Σ external to Q,
we may assume that r is the line deﬁned by R = {x → ηx | η ∈ Fq6 }, and hence r⊥ is the line
deﬁned by R⊥ = {x → ζ xq3 | ζ ∈ Fq6 }. Moreover, the stabilizer Gr of the line r in G acts transi-
tively on the points of r. Hence, up to isotopy, we may assume that the point P of r induced by
the identity map I : x → x has weight 2 (see Proposition 2.3), and thus without loss of general-
ity S ∩ 〈I〉Fq = {x → (α0 + α1u)x | α0,α1 ∈ Fq} for some u ∈ Fq3 \ Fq . Let Q = 〈x → Ax〉Fq3 , where
A ∈ Fq6 \ Fq3 , be another point of L(S) ∩ r of weight 2. Then there exists v ∈ Fq3 \ Fq such that
S ∩ 〈x → Ax〉Fq = {x → A(α2 + α3v)x | α2,α3 ∈ Fq}.
Since S ∩ R is a rank 4 vector subspace over Fq (see [15, Theorems 4.1, 4.2]), we have
S ∩ R = {x → [(α0 + α1u) + A(α2 + α3v)]x ∣∣ αi ∈ Fq}= 〈I,uI, AI, Av I〉Fq .
As S has rank 6 over Fq and L(S)∩r⊥ = ∅, there exist two other elements of V, say T1 : x → Bx+bxq3
and T2 : x → Cx+ bDxq3 , where B,C, D,b ∈ F∗q6 , such that
S = 〈I,uI, AI, Av I, T1, T2〉Fq .
That is, any element of S is of the form
x → [(α0 + α1u) + A(α2 + α3v) + α4B + α5C]x+ b(α4 + α5D)xq3 , (5)
where each αi ∈ Fq .
Recalling that dimFq (S ∩ R) = 4 and dimFq (S ∩ R⊥) = 0, we see that {1,u, A, Av, B,C} is a basis
for Fq6 over Fq . Moreover, since L(S) is not contained in a plane of Σ (see [15, Theorem 4.2]), we
necessarily have D ∈ Fq6 \ Fq3 . Finally, as every nonzero element of S is non-singular, condition (3)
follows from the more general condition (1). Then the Fq-independence of {1,u, A, Av, B,C} and
condition (3) together imply that {1,u, A, Av, B + b,C + bD} is an Fq-basis of Fq6 .
Hence each element y ∈ Fq6 may be expressed uniquely as
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for some choice of α0,α1, . . . ,α5 ∈ Fq . Since
x → (α0 + α1u + α2A + α3Av + α4B + α5C)x+ (α4b + α5bD)xq3
is the unique element ϕy of S such that ϕy(1) = y, we know from Eq. (2) that multiplication in S(a)4
is given by
x ◦ y = ϕy(x) =
[
(α0 + α1u) + A(α2 + α3v) + α4B + α5C
]
x+ b(α4 + α5D)xq3 ,
proving the result. 
It should be noted that the multiplication given above (or equivalently, the above spread set S of
linear maps), subject to the conditions stated in Theorem 3.1, deﬁnes a semiﬁeld of order q6 with
left nucleus isomorphic to Fq3 and center isomorphic to Fq since conditions (P1), (P2), and (P3)
are satisﬁed (see [7]). Moreover, such a semiﬁeld belongs to class F (a)4 by construction. Thus the
multiplication given above is the “generic multiplication” for any semiﬁeld in this class. In Section 6
we address the existence of suitable parameters u, v , A, B , C , D , b which satisfy the conditions of
Theorem 3.1. For now, we assume that semiﬁelds S(a)4 exist, and discuss the nuclei of such semiﬁelds.
Theorem 3.2. Using the notation of Theorem 3.1, the right nucleus of S(a)4 has order q
2 if and only if the
following conditions are satisﬁed:
(i) 〈1,u, A, Av〉Fq = 〈1,u〉Fq2 ,
(ii) D ∈ Fq2 \ Fq,
(iii) C ∈ DB + 〈1,u〉Fq2 .
In this case we have Nr = Fq2 , Nm = Fq, and there exists some b′ ∈ F∗q6 with
N(b′) /∈ {N(t0 + t1u + u2) ∣∣ t0, t1 ∈ Fq2} (6)
such that multiplication (4)may be rewritten as
x ◦ y = (t0 + t1u + t2u2)x+ t2b′xq3 , (7)
where t0, t1, t2 ∈ Fq2 are uniquely determined so that y = t0 + t1u + t2(b′ + u2).
Proof. Using the notation in the proof of the previous theorem, the spread set S of linear maps
deﬁning S(a)4 (up to isotopism) is spanned over Fq by {I,uI, AI, Av I, T1, T2}. Let ϕ : x → Lx+Mxq
3
be
an arbitrary element of Nr , for some L,M ∈ Fq6 . Then
ϕϕ ∈ S (8)
for any ϕ ∈ S by Theorem 2.1. In particular, we have ϕϕ ∈ S for any ϕ ∈ 〈I,uI, AI, Av I〉Fq , i.e. the
maps
x → L[(α0 + α1u) + A(α2 + α3v)]x+ M[(α0 + α1u) + Aq3 (α2 + α3v)]xq3
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{1,u, Aq3 , Aq3 v} are Fq-independent elements of Fq6 , we obtain M = 0. Thus
Nr ⊆ R = {x → ηx | η ∈ Fq6 },
and hence S ∩ R is a left vector space over Nr . As |S ∩ R| = q4, we know that |Nr | is either q or q2;
that is, Nr = Fq or Nr = Fq2 .
Suppose that the right nucleus of S(a)4 has order q
2, and thus Nr = {x → ξx | ξ ∈ Fq2 } from the
above computations. Since S ∩ R = 〈I,uI, AI, Av I〉Fq is now a left vector space over Nr and u /∈ Fq2 ,
we have
〈1,u, A, Av〉Fq = 〈1,u〉Fq2 , (9)
and thus from (5) we see that the spread set of linear maps S may be written as
S = {x → (s0 + s1u + α4B + α5C)x+ b(α4 + α5D)xq3 : α4,α5 ∈ Fq; s0, s1 ∈ Fq2},
where D ∈ Fq6 \ Fq3 and b, B and C ∈ F∗q6 . Also, under the above assumption on Nr , from (8) and (5)
we have
Fq2 〈1, D〉Fq = 〈1, D〉Fq , (10)
and thus D ∈ Fq2 \ Fq .
Now, choosing ϕ = T1 ∈ S (as deﬁned in the proof of Theorem 3.1) and ϕ : x → Dx in Nr , it fol-
lows from (8) that the map ϕϕ : x → D(Bx+bxq3 ) belongs to S . Comparing with the general form (5)
for an element of S , we obtain C − DB ∈ 〈1,u, A, Av〉Fq and thus C − DB ∈ 〈1,u〉Fq2 from (9). There-
fore, conditions (i)–(iii) are satisﬁed. Conversely, straightforward computations show that if conditions
(i)–(iii) are satisﬁed, then Nr = {x → ξx | ξ ∈ Fq2 } and hence Nr = Fq2 .
We now suppose that indeed Nr = {x → ξx | ξ ∈ Fq2 }. Then our work above shows that Eq. (5)
may be rewritten so that every element in S has the form
x → (t′0 + t′1u + t′2B)x+ bt′2xq3 , (11)
for some t′0, t′1, t′2 ∈ Fq2 . In fact, using the notation established above, we have t′2 = α4 + α5D . Since
u ∈ Fq3 \Fq , we know that {1,u,u2} is a basis for Fq6 over Fq2 . Uniquely expressing B = s0+s1u+s2u2
for some s0, s1, s2 ∈ Fq2 , we know that s2 	= 0 since B /∈ 〈1,u, A, Av〉Fq = 〈1,u〉Fq2 . Substituting for B
in Eq. (11) and deﬁning b′ = b/s2, we may rewrite (11) as
x → (t0 + t1u + t2u2)x+ b′t2xq3 ,
where t0, t1, t2 are arbitrary elements of Fq2 . Eq. (1) now implies that condition (6) holds, which
further implies that {1,u,b′ + u2} is an Fq2 -basis of Fq6 . Expressing an arbitrary element y ∈ Fq6
uniquely as y = t0 + t1u + t2(b′ + u2) for some t0, t1, t2 ∈ Fq2 , we see that
ϕy : x →
(
t0 + t1u + t2u2
)
x+ b′t2xq3
is the unique element of S such that ϕy(1) = y. Since multiplication in S(a)4 is given by x ◦ y = ϕy(x),
condition (7) also holds.
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that
Nm ⊆ R = {x → ηx | η ∈ Fq6 },
and either Nm = Fq or Nm = Fq2 just as above. However, choosing the element ϕ : x → u2x + b′xq3
in S and considering the element ϕ : x → ξx with ξ ∈ Fq2 \ Fq , we see that ϕϕ /∈ S and thus Nm 	=
{x → ξx | ξ ∈ Fq2 }. We conclude that if Nr = Fq2 , then Nm = Fq and the result follows. 
Analogously, we have the following result.
Theorem 3.3. Using the notation of Theorem 3.1, the middle nucleus of S(a)4 has order q
2 if and only if the
following conditions are satisﬁed:
(i) 〈1,u, A, Av〉Fq = 〈1,u〉Fq2 ,
(ii) D ∈ Fq2 \ Fq,
(iii) C ∈ DqB + 〈1,u〉Fq2 .
In this case we have Nr = Fq, Nm = Fq2 , and there exists some b′′ ∈ F∗q6 with
N(b′′) /∈ {N(t0 + t1u + u2) ∣∣ t0, t1 ∈ Fq2} (12)
such that multiplication (4)may be rewritten as
x ◦ y = (t0 + t1u + t2u2)x+ b′′tq2xq3 , (13)
where t0, t1, t2 ∈ Fq2 are uniquely determined so that y = t0 + t1u + t2u2 + tq2b′′ .
Proof. By [14, Proposition 4] (see also [12, Theorem 12]), a semiﬁeld has middle nucleus of order
q2 if and only if its transpose has right nucleus of order q2. Moreover, from [13, Corollary 4.4] we
know that the transpose operation leaves invariant the class F (a)4 (as well as F (b)4 , F (c)4 , and Fi for
i = 0,1,2,3,5). Therefore, if S(a)4 has middle nucleus of order q2, then by Theorem 3.2 the transpose
of S(a)4 is deﬁned by a spread set of linear maps of the form
S ′ = {x → (t0 + t1u + t2u2)x+ b′t2xq3 ∣∣ t0, t1, t2 ∈ Fq2},
where u and b′ satisfy the conditions stated in that theorem. Thus by [13, Theorem 4.2] we know
that a spread set of linear maps for S(a)4 is, up to isotopy, of the form
S = {x → (t0 + t1u + t2u2)x+ (b′)qtq2xq3 ∣∣ t0, t1, t2 ∈ Fq2}.
Deﬁning b′′ = (b′)q and noting that N(b′′) = N(b′), the result now follows from the proof of Theo-
rem 3.2. 
Remark 3.4. Note that by [13, Theorem 4.2] the semiﬁelds with operation (7) are the transposes of
the semiﬁelds with operation (13).
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known ones with right (respectively, middle) nucleus of order q2 and middle (respectively, right) nu-
cleus of order q are some generalized twisted ﬁelds belonging to class F5 (see [15]) and the putative
semiﬁelds S(a)4 , whose multiplication is given by either (7) or (13). In the following theorem, we prove
that, up to isotopy, semiﬁelds with operation (7) or (13) are the only possible semiﬁelds not belonging
class F5 with the above properties on the nuclei.
Theorem 3.5. Let S = (Fq6 ,+,◦) be a semiﬁeld of order q6 with left nucleus Fq3 and center Fq. Assume that
either Nr ∼= Fq2 and Nm = Fq or Nm ∼= Fq2 and Nr = Fq. If S does not belong to the family F5 , then S ∈ F (a)4
and, up to isotopy, its multiplication is given by (7) or (13), respectively.
Proof. In [15] the families F0, F1 and F2 are completely characterized. Namely, S belongs to the
family F0 if and only if S is a generalized Dickson semiﬁeld with parameter β = 1 and σ = q, or
β = q and σ = 1; S belongs to the family F1 if and only if q = 3 and S is associated with the Payne–
Thas ovoid of Q(4,33); and S belongs to the family F2 if and only if q = 3 and S is associated with
the Ganley ﬂock of PG(3,33). In all the above cases, Nr = Nm = Fq . Thus we may rule out classes F0,
F1, and F2. Moreover, class F5 is eliminated by assumption.
We ﬁrst consider the case in which the right nucleus of S has order q2, and hence the middle
nucleus has order q. In such a case the spread set S of linear maps has a subﬁeld F of order q2
which contains the ﬁeld Fq = {x → αx | α ∈ Fq} such that S is a 3-dimensional left vector space
over F . By [10, Lemma 2.1], there exists an invertible Fq3 -linear map ψ of Fq6 such that ψ
−1Fψ =
{x → ξx | ξ ∈ Fq2 }, and hence the semiﬁeld deﬁned by the spread set ψ−1Sψ (which is isotopic to S)
has right nucleus Fq2 . So, up to isotopy, we may assume that S = (Fq6 ,+,◦) with Nl = Fq3 , Nr = Fq2 ,
Nm = K = Fq .
Since S belongs to either F3 or to F4, the Fq-linear set L(S) has at least one point P = 〈ϕ〉 of
weight 2, with ϕ ∈ S . This means that dimFq (S ∩ P ) = 2, and thus there exists u ∈ Fq3 \ Fq such that
uϕ ∈ S . Since the spread set S ′ = Sϕ−1 deﬁnes a semiﬁeld S′ isotopic to S and since the right nucleus
of S′ is Fq2 as well, we may further assume, up to isotopy, that I and uI are elements of S .
Since S is a 3-dimensional vector space over F = {x → ξx | ξ ∈ Fq2 } and {I,uI} are F -independent,
we know that there exists a mapping T : x → ax+ bxq3 belonging to S such that
S = 〈I,uI, T 〉F
= {ξ0 I + ξ1uI + ξ2T | ξ0, ξ1, ξ2 ∈ Fq2 }
= {x → (ξ0 + ξ1u + ξ2a)x+ bξ2xq3 ∣∣ ξ0, ξ1, ξ2 ∈ Fq2}.
If a = 0, then Nm = Fq2 (see [10, Theorem 2.2]), which contradicts the current assumption. So a 	= 0,
and hence the general form for an element in S is of the type given in Eq. (11). Arguing as in the
proof of Theorem 3.2, we see that, up to isotopy, multiplication in S is of the form (7) when the right
nucleus has order q2.
Now suppose that the order of the middle nucleus of S is q2, and that K = Nr = Fq . Then, arguing
as in the proof of Theorem 3.3, the transpose semiﬁeld ST of the semiﬁeld S satisﬁes the same
hypothesis as in the ﬁrst part of the proof and hence it belongs to class F (a)4 . Thus, up to isotopy,
multiplication in ST is of the form (7), and therefore from Remark 3.4 we know that, up to isotopy,
multiplication in S is of type (13), proving the theorem. 
Remark 3.6. It must be emphasized that there could be examples of semiﬁelds in class F (a)4 for which
Nm = Nr = K = Fq , although no such examples have yet been found.
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We next address the general form for multiplication in class F (b)4 .
Theorem 4.1. Let S(b)4 = (Fq6 ,+,◦) be a semiﬁeld belonging to F (b)4 . Then there exist u, v ∈ Fq3 \ Fq, A,C ∈





α0 + α1u + A(α2 + α3v) + α4B
α4 + α5C
) ∣∣∣ αi ∈ Fq, (α4,α5) 	= (0,0)
}
(14)
such that the elements {1,u, A, Av, B} are linearly independent over Fq and, up to isotopy, the multiplication
in S(b)4 is given by
x ◦ y = [(α0 + α1u) + A(α2 + α3v) + α4B]x+ b(α4 + α5C)xq3 , (15)
whereα0,α1, . . . ,α5 ∈ Fq are uniquely determined so that y = α0+α1u+α2A+α3Av+α4(B+b)+α5bC .
Proof. The semiﬁeld S(b)4 belongs to class F (b)4 precisely when the corresponding linear set L(S) con-
tains a unique line r of Σ = PG(3,q3) and |r⊥ ∩ L(S)| = 1. Arguing as in the proof of Theorem 3.1,
we may suppose that r is the line of Σ deﬁned by R = {x → ηx | η ∈ Fq6 }, and hence r⊥ is the line
deﬁned by R⊥ = {x → ζ xq3 | ζ ∈ Fq6 }. In the same fashion as before, we obtain
S ∩ R = {x → [(α0 + α1u) + A(α2 + α3v)]x ∣∣ αi ∈ Fq}= 〈I,uI, AI, Av I〉Fq ,
where u, v ∈ Fq3 \ Fq and A ∈ Fq6 \ Fq3 .
As S has rank 6 over Fq and |L(S) ∩ r⊥| = 1, there exist two other elements of V, say T1 : x →
Bx+ bxq3 and T2 : x → bCxq3 , where b, B,C ∈ F∗q6 , such that
S = 〈I,uI, AI, Av I, T1, T2〉Fq .
That is, any element of S has the form
x → [(α0 + α1u) + A(α2 + α3v) + α4B]x+ b(α4 + α5C)xq3 . (16)
As before, since L(S) is not contained in a plane of Σ , we know that C ∈ Fq6 \Fq3 . Since there is only
one projective point in L(S) ∩ r⊥ , this then implies that B /∈ 〈1,u, A, Av〉Fq .
The result now follows exactly as in the proof of Theorem 3.1. 
Once again it should be noted that the multiplication given in Eq. (15), subject to the conditions
stated in Theorem 4.1 deﬁnes a semiﬁeld of order q6 with left nucleus isomorphic to Fq3 and center
isomorphic to Fq , necessarily belonging to class F (b)4 . Thus this is the “generic multiplication” for any
semiﬁeld in this class.
Theorem 4.2. The middle and the right nuclei of a semiﬁeld belonging to family F (b)4 both have size q.
Proof. By Theorem 4.1 a semiﬁeld S(b)4 is deﬁned, up to isotopy, by the multiplication rule (15). By
using arguments similar to those found in the proof of Theorem 3.2, the right nucleus of such a
semiﬁeld is either Fq or Fq2 , and the same holds for the middle nucleus. If both are Fq2 , then from
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If just one of these nuclei is Fq2 , then by Theorem 3.5 the corresponding semiﬁeld belongs to fam-
ily F (a)4 , again a contradiction. The result now follows. 
We discuss examples of semiﬁelds S(b)4 in Section 6.
5. Multiplication inF (c)4
Finally, we consider the general form for multiplication in class F (c)4 .
Theorem 5.1. Let S(c)4 = (Fq6 ,+,◦) be a semiﬁeld belonging to F (c)4 . Then there exist u, v ∈ Fq3 \ Fq, A, B ∈





α0 + α1u + A(α2 + α3v)
α4 + α5B
) ∣∣∣ αi ∈ Fq, (α4,α5) 	= (0,0)
}
such that the elements {1,u, A, Av,b,bB} form a basis for Fq6 over Fq and, up to isotopy, the multiplication
in S(c)4 is given by
x ◦ y = [(α0 + α1u) + A(α2 + α3v)]x+ b(α4 + α5B)xq3 , (17)
where α0,α1, . . . ,α5 ∈ Fq are uniquely determined so that y = α0 + α1u + α2A + α3Av + α4b + α5bB.
Proof. The semiﬁeld S(c)4 belongs to class F (c)4 precisely when the corresponding linear set L(S) con-
tains a unique line r of Σ = PG(3,q3) and |r⊥ ∩ L(S)| = q + 1. Arguing as in the previous proofs, we
may suppose that
S ∩ R = {x → [(α0 + α1u) + A(α2 + α3v)]x ∣∣ αi ∈ Fq}= 〈I,uI, AI, Av I〉Fq ,
where u, v ∈ Fq3 \Fq and A ∈ Fq6 \Fq3 . Since S has rank 6 over Fq and |L(S)∩ r⊥| = q+1, there exist
two elements of R⊥ , say T1 : x → bxq3 and T2 : x → bBxq3 , where b ∈ F∗q6 and B ∈ Fq6 \ Fq3 , such that
S = 〈I,uI, AI, Av I, T1, T2〉Fq .
That is, any element of S has the form
x → [(α0 + α1u) + A(α2 + α3v)]x+ b(α4 + α5B)xq3 . (18)
The result now follows as in the previous cases. 
Once again, the multiplication given in (17), subject to the conditions of Theorem 5.1, is the “gener-
ic” multiplication for any semiﬁeld in the class F (c)4 .
Theorem 5.2. Either the middle and right nuclei of S(c)4 both have order q or they both have order q
2 . The latter
case happens if and only if the following conditions are satisﬁed:
(i) 〈1,u, A, Av〉Fq = 〈1,u〉Fq2 ,
(ii) B ∈ Fq2 \ Fq.
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L + Mu + Nu2 , where f (x) = L + Mx + Nx2 ∈ Fq[x] either has degree 1 or has two distinct roots in Fq,
such that multiplication (17)may be rewritten as
x ◦ y = (t0 + t1u)x+ t2bxq3 , (19)
where t0, t1, t2 ∈ Fq2 are uniquely determined so that y = t0 + t1u + t2b.
Proof. Arguing as in the proofs of Theorems 3.2 and 3.3, we get the ﬁrst part of the theorem. The
second part follows from [10, Theorem 2.5]. 
There are many known examples of semiﬁelds belonging to class F (c)4 . In particular, the semiﬁelds
in F (c)4 with right and middle nuclei both isomorphic to Fq2 are, up to isotopy, the “cyclic” semi-
ﬁelds found in [9] (see [10, Theorem 2.9]). Moreover, the semiﬁelds in families FI − FV (for n = 3)
constructed in [7] also belong to this family. These semiﬁelds have middle and right nuclei both iso-
morphic to Fq . In particular, there exist semiﬁelds belonging to family F (c)4 for any value of q. In
the next section we provide examples of semiﬁelds belonging to class F (a)4 for several values of odd
prime powers q, as well as two examples of semiﬁelds belonging to class F (b)4 for q = 3. To the best
of our knowledge, these are the ﬁrst examples of semiﬁelds belonging to either of these subclasses.
6. Examples
6.1. Family F (a)4
We search for examples which satisfy the conditions stated in Theorem 3.2 or Theorem 3.3. More
precisely, we search for an element u ∈ Fq3 \ Fq for which P (u) = {N(t0 + t1u + u2) | t0, t1 ∈ Fq2 }
has cardinality strictly less than q3 − 1 (note that 0 /∈ P (u)). If such a search is successful, we deﬁne
v = u, A = D = ω to be a primitive element of Fq2 , B = u2, and choose b ∈ F∗q6 such that N(b) /∈ P (u).
Then deﬁning C = Du2 will produce a semiﬁeld in class F (a)4 with Nr = Fq2 and Nm = Fq according
to Theorems 3.1 and 3.2. Similarly, deﬁning C = Dqu2 will produce a semiﬁeld in class F (a)4 with
Nm = Fq2 and Nr = Fq according to Theorems 3.1 and 3.3. In Table 1 we indicate the results of our
successful searches using the software package MAGMA [4] for small values of odd prime powers q.
We consistently use ϑ to denote a primitive element of Fq6 with the indicated minimal polynomial
over the prime subﬁeld. We let γ = ϑq3+1 denote a primitive element of the subﬁeld Fq3 .
Table 1
q Deﬁning polynomial for Fq6 u b
3 x6 + 2x4 + x2 + 2x+ 2 γ 22 1
5 x6 + x4 + x3 + x2 + 2 γ 56 ϑ11176
7 x6 + x4 + 5x3 + 4x2 + 6x+ 3 γ 336 ϑ76838
9 x12 + x6 + x5 + x4 + x2 + 2 γ 616 1
11 x6 + 3x4 + 4x3 + 6x2 + 7x+ 2 γ 1210 5ϑ5 + 8ϑ4 + 6ϑ3 + 7ϑ2 + 4ϑ + 6
Remark 6.1. We believe that this data is indicative of an inﬁnite family, and we are currently looking
for this pattern. Moreover, our searching seems to indicate that for odd prime powers q there is a
unique semiﬁeld, up to isotopism, of order q6 belonging to class F (a)4 with right nucleus of order q2,
and similarly there is a unique semiﬁeld of order q6 belonging to class F (a)4 with middle nucleus of
order q2. In addition, there appear to be no examples of either of these two types when q is even.
Research continues in this area.
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Proof. By [15, Section 3,4], [10, Section 3] and [7, Section 4], the only known examples of semiﬁelds
of order q6 with left nucleus Fq3 and center Fq which belong to class F4 are the “cyclic ones” of
Jha and Johnson [9], those isotopic to the cyclic semiﬁelds [10] and those found in [7]. However,
as previously stated, they all belong to class F (c)4 . Hence, since the subclasses F (i)4 , i ∈ {a,b, c}, are
closed under isotopy (see [10, Proposition 3.4]), the examples found above in subclass F (a)4 are not
isotopic to any known semiﬁeld. Moreover, since the subclasses F (i)4 , i ∈ {a,b, c}, are closed under
the transpose and translation dual operations (see [13, Corollary 4.4] and [10, Theorem 3.5]), these
examples are not isotopic to a Knuth derivative of a known example nor to a translation dual of a
known example. 
6.2. Family F (b)4
We now provide two non-isotopic examples of semiﬁelds belonging to class F (b)4 when q = 3.
Let ϑ be a primitive element of F36 with minimal polynomial x
6 + 2x4 + x2 + 2x + 2 ∈ F3[x], and
let γ = ϑ28, so that γ is a primitive element of F33 . Note that the minimal polynomial for γ over
F3 is x3 + 2x + 1. We choose u = v = γ , and search for elements A, B = C ∈ F36 \ F33 , and b ∈ F∗36
so that condition (14) of Theorem 4.1 is satisﬁed and also {1,u, A, Av, B} is a linearly independent
set over F3. In fact, picking A = ϑ4, B = C = ϑ267 and b = ϑ6 yields one such example. Deﬁning
multiplication as in Eq. (15) thus produces a semiﬁeld of order 36 belonging to class F (b)4 . Choosing
A = ϑ71, B = C = ϑ4, and b = ϑ13 similarly produces another such semiﬁeld, which turns out to be
non-isotopic to the ﬁrst one. Extensive searching using the software package MAGMA [4] produced
many additional examples, but all were isotopic to one of the above two semiﬁelds. In particular,
allowing u 	= v or B 	= C did not produce any more non-isotopic examples.
We believe that these are the only two semiﬁelds, up to isotopism, of order 36 that belong to
class F (b)4 . Arguments similar to those used in the proof of Theorem 6.2 show that these semiﬁelds
are new.
It also should be remarked that extensive (but not exhaustive) searching produced no examples of
semiﬁelds of order 56 belonging to class F (b)4 . It is not clear if examples in this class exist for q > 3.
For completeness, we list the following result.
Theorem 6.3. The class F (b)4 is not empty, at least for q = 3.
7. Final remark
In this paper we determined the general form for multiplication in semiﬁelds belonging to
class F4, and provided several new examples. In [15] the families F0, F1 and F2 are completely
characterized, as previously discussed. It also is shown in [15] that a semiﬁeld belongs to class F5
if and only if the associated (scattered) linear set L(S) in Σ = PG(3,q3) consists of (q6 − 1)/(q − 1)
points partitioned on q3 +1 mutually skew lines and such lines admit precisely two transversals. This
conﬁguration is called an Fq-pseudo-regulus since it is completely analogous to a pseudo-regulus in
PG(3,q2) as deﬁned by Freeman in [8]. The known examples of semiﬁelds in class F5 are the general-
ized twisted ﬁelds and the two families of Knuth semiﬁelds given by the multiplication rules labelled
(17) and (19) in [6].
Certainly, a careful study of Fq-pseudoreguli in PG(3,q3) should be undertaken in order to deter-
mine if there exist other semiﬁelds in class F5. Moreover, no examples of semiﬁelds belonging to
class F3 currently appear in print, and hence a search for such semiﬁelds should be conducted. The
authors are currently beginning work on these two projects.
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